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dx . : .
and fﬁ are encountered. A number of such integrals are evaluated by parts. In some integrals the integrands are
inverse circular functions. In some integrals the integrands are Logarithmic functions. The most of these integrals are

converted into the foregoing types of integrals on simplification and elaborations to underscore the final results .Also

dx x2dx x2dx log(x*+4x2+9)
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x4+x2+1'fx4+x2+1' fx4—x2+1' J‘(2+xz)2+5 f 08 (X +4x? + Jdx, f x2 dx ,etc

evaluated are the integrals: [
Keywords - Integrals, Partial, Fraction, Parts, Evaluation, Solution.

1. Introduction

As far as the introduction is concerned the above six vital integrals and some other integrals are evaluated
herein without direct application of any textbook formulae. That way eighteen integrals are innovated and
evaluated mostly by parts using “dx “ as the second part. The last seven integrals are evaluated by integration by
partial fractions . However, this type of integrals are neither found in any textbooks of Integral Calculus ! nor
have been published elsewhere. SN Maitra? the present author, thought of this type of integrals and evaluated them
in close form.The constants of integrations are kept understood.
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e RS 2 VRS
ftan Iz dx=xtan 2 _ fxllex= xtan z + 21, (3)
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f‘dx

sinx+sin3x
dx
I=f ey (Multiplying num and deno by sinx)
_ sinxdx _ —d(cosx) _ 1 _ 1
_f sin2x(1+sin?x) f(l—coszx)(z—coszx) f{(Z—COSZX) (l—coszx)}d(cosx)

1 NN \/_+cosx 14cosx

2\/— ‘g\/— cosx Ogl—cosx

xdx
J (1+x2)(14x%) 4)

(putting y=x?so that dy=2xdx)

a-»
Ham

= [ —2 = [{
A+y)(a+y?) 2 (1+y)

=2i {log(1+y)--2ilog(1 +y?) + tan™1}
=21 {log(1+x?)- 21 log(1 + x*) + tan™*"}

1.1. Problem No 1 and its Evaluation
{(x?+1)-(x%-1)}dx 1 {(x?+1)—(x%-1)}dx
‘fx4+x2+1 f = _f (5)

4442 1
x4 +x2+1 x2(x2+)7+1)

=%f{(1+xi2) (( )}dx 1{f{( ) f (1—%2)dx} 1 {J‘ d(l_%) _f d(“’a_lc) }

@2+ +1) )2+3 (+)2-1)) 27 (x-)243 (r+)2-1)
11 g x?-1 1 xP-x+l
_2{\/§ tan x/3 2 ng2+x+1} (6)
1.2. Problem No 2 and its Evaluation
x%dx 1 (FPHD+E-Ddx _ (x2+1)+(x%-1)dx
fx4+x2+1 T f x¥+x2+41 - f xZ(x2+—+1) @
=lf(1+ )+((1 —Z)dx 1{f( —)dx f(1—xiz))dx} =l{f a(1-3) o d(1+§))dx}
2 (x2+—+1) )2+3 athz-n’ 2V aDzes ) bz
X X X X
_l{it 1 x3-1 1 xP-xdl 8
2B TR ng2+x+1} (8)
1.3. Problem No 3 and its Evaluation
dr 1 @3 +D)-(3-1)dx _ (x2+1)—(x%-1)dx
fx4—x2+1 T2 f x*—x2+41 - f xz(x2+——1) ®)
=lf (1+xi2)—(1 2)dx 1 {f ( ) f(l—xiz))dx} =l {f d(x—)—lc) _ f d(x+)—16))dx}
2 (x2+xiz—1) )2+1 (+2-3) 2% (x=D2+1 (+3)2-3)
_1 _1x2-1 1 o x2—Bx+l
z{tan zﬁlogx2+«/§x+1} (10)
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1.4. Problem No 4 and its Evaluation
f x?dx _ =lf (x%+1)+(x%-1)dx — lf (x%41)+(x%-1)dx (11)

x*—x2+1 x*—x2+1 x2(x24-5-1)
X

=lf (1+xi2)+((1—xiz)dx 1 J (Hx%)d’ﬁf (1—xiz))dx} 1 {f d(1-3) o d(1+§))dx}
2 @2+5-1) 2V a-Dzer Y bz’ 2V Dz Y aidy2-s
{ 1 x2—/3x+1 (12)

_1 - A TNOAT
tan x 2\/—1 gx2+\/§x+1}

1.5. Problem No 5 and its Evaluation

f dx _f dx _f dx
(2+x2)2+5 Y x*+4x2+9 x2(x2+x12+4)

{f( i G

H{Ca )2 2} {(x—)?+10}

1 x+V2x+3 | 1 °-s
OB + s tan ) 13)

1.6. Problem No 6 and its Evaluation
Jlog (x* + 4x? + 9)dx ( Integrating by parts)

x*+2x?
x*+4x2+9

=xlog(x* +4x*>+9) —4 [ dx (14)
=xlog(x* + 4x? +9) — 41

4, 5.2 44,2 2
x*+2x Xx*+4x°+9-2x —9 2x2+9
Where I= dx = X=X-
fx4+4x2+9 f x*+4x2+9 J-x"+4)c +9

2 A(1+ )+B(1 =)

oxe [ =2 g o [ -
=/ 2 (x2++4) dx =x f(x2+xiz+4) dx=x-J @-32+10) (15)
Where by comparison, A+B=2 and 3(A-B)=9 so that A=§ and B = _?1 . Then
3 1
2(1 NN G BRI =0
= f )2+10) f{ )2+10 f )2 2
=x — ——tan~ ﬁ( 2 +—1o X oVt (16)
2V10 wz 09 32 faxes
1.7. Problem No 7 and its Evaluation
4 2
1) Log(e+4x749) 1 (Integrating by parts) (17)

x2

_—10g(x4+4x2+9)+4f (x3+2x2)

x(x*+4x2+9)
_ —log(x4+4x2+9) f (x%+2x)
- x x4+4x2+9)
log(x*+4x2+9) x 1 2
- +
x f(x4+4x2+9) x 4f (x*+4x2+49) dx
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_ log(x*+4x%+9)

+ 41, + 41, Where I; =

f (x% +4x2+9)

3 3
11 — dex - f 1 dx _%f(1+x2)+(1 xZ) dx =

(x-32+10

(x*+4x2+9) X242 44
X
x2—3
1 tan Viox 1 x2-2x+3

=T m  taE9 s

1

— 2 f—=
I, = f(x4+4x2+9) dx f(x2+2)2+5)d(x + 2)

1.8. Problem No 8

b= o dr = [ —dx =L f

(x*+4x2+49) xz(x2+x—2+4) (x
x2—3
_1 tan 1 x2—\2x+3
P N AL ATy |
Tz X242 x+3

1.9. Problem No 9
L=/ 1 dx | . dx
X

x/(x*+4x2+9) 2 (x2+i+4)
%2

gf [x-2)2+10 @+32-2

2_3x x243x

——{smh Wx -cosh ~ Vax |}

1.10. Problem No 10
xy (x*—4x2+9)

f———dx
x2 (x2+x—2—4)
AR 2 (e

6 /(x——)2+2 /(x+%)2—10

2_3 243
—{smh fx - cosh™ J_x}

1.11. Problem No 11 and its Solution

5x%+6 5+2
x = dx
f f x? (xz +x%—4)

15 - x/(x%—4x2+9)

2
tan 1 o
V5

3 3
A+2)-0-2)
32410

X

1 (152)-(-3) da {Smh Jf,f_f (1-3)ax |

A(1+ 5)+B(
(x——)2+2

dx, I, = [ ————dx?

(x*+4x2+49)

= l{m"_lmx [ (1_;%2)‘1"

; tan Jiox f (1——)dx

(x+= )2 2

x2-3

6 V10

(x+2)2-2

dx (By comparison)

(A+B=5 and 3(A-B)=6 ie A-B=2 leading to A — and B——)

Ry EiG I

(x——)2+2

rp ) (12

14

(x+—)2 10

}

(18)

(19)

(20)

21)

(22)
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x%-3 x%+3

——{7smh x +3cosh” J_x}

1.12. Problem No 12 and its Solution

1 1
ls = f(x4+4-x2—21) dx =/ (x2+2)?-52) dx

_ 1 L (x“+7)—(x°-3) _ 1 _ 1

=/ 2+7)2—3) ¥ 10f (x2+7)(x2-3) ~ 10 f{(x2—3) (x2+7)}dx
Ll g3 L1 X

10 {2«/5109 x+3 V7 tan V7 )

1.13. Problem No 13 and its Solution
x2dx 2dx
Ie = | roaran @ =/ Gaayreny 9%

2

_ x __ A(2+7)+B(x%-3) _ 1 7
=/ (x2+7)(x2-3) =/ (x2+7)(x%-3) T 10 f{(x2—3) (x2+7)}
. 3 7
(By comparison, A+B=1,7A-3B=0 so that=— and B=—
10 10

13, X3, 7, 1%
_10{6 ogx+3+ﬁtan \/7}
1.14. Problem No 14 and its Solution

x2dx x2dx
ls = f(x8+4-x4—21) dx=[ (x*+2)2-52) dx

x 1 x x?
=/ (e +7)(x*—3) dx _I_OI{(x4—3) - (x4+7)}dx

_if{(xz—\/?)+(x2+\/§)_ 1 Y
T 10 R2VBEEHE) (24

1 1 1 1(1+ z)+(1‘—z
L 2
107 L@2Z+V3) | 2(x2—V3) 2 (x_g) ‘27

V7 V7
1 1 1 (1+_2> (1__2>
—1_0f{2(x2+\/§) 2(x2—/3) -3 ((x—ﬁf.;.zﬁ + (x_,_ﬂ));_z\ﬁ)}dx

x-¥3 1 1 X ﬁ 1 {x+—— 2\/—
x+43 J_ \/_ x+‘/—+x/_

4ir 1
2(){‘k/_tan + S50 log

1.15. Problem No 15 and its Solution
bom g &g

(x8+4x%*-21) (x*+2)2-52)

1 1 1
=f (x4 +7)(x*-3) dx =3 f{(x‘*—S) h (x4+7)}dx

_ —f{ (FE+V3)-(x*—V3) Ydx
107 2VB2-V3)(x2+V3) (x2+ 2
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V7))

_if _ 1 l(1+x2)+(1 xz d
10 {2\/§(x2+\/§) 23(x2—3) 2 (X—%)Z-FZ\/_}
V7 V7
— _f{ + 1 _ l (1+x_2) + (1_x_2) )}dx
1072V T 23D 2N (4l a7
V7
1 1 x_‘K/E 1 1 x+7 x+—— 2V7
{ =tan Vi + 2‘vﬁlog T \/z_ﬁtan Newi 2\/_l x+_+ } (28)
1.16. Problem No 16 and its Solution
x>dx x>dx xdx
Iy = f (x8+4x*+1) fx4(x4+4+xi4) x _f (x4+4+xi4) dx
xdx 1 xdx xdx
=J (2-3)2+6 dx = {f (xz—xiz)2+s'f(x2+xiz)2+z}
_ l{f (2x+xz—3)dx *f (Zx—xz—3)dx}
T At ar-yzee T a2e e
-3 1 P o
L -1 X il
—4{\/gtan NG +Ftan % }
1.17. Problem No 17 and its Solution
1
_ xdx _ xdx _ 34X
Iy = f(x8+4x4+1) B fx4(x4+4+xi4) dx f(x4+4+xi4) dx
1 (2x+ )dx (2x—xz—3)dx
- 4{f( —3)%+6 f(x2+xi2)2+2}
(xz_;%2 —1(X2_"i2
1 tean Ve ptan V2
=2 (Ve 5 } (29)
1.18. Problem No 18 and its Solution
dx —x2dx dx
Lo = f(x4'+2x2+4-)(x2+2) - {f (x*+2x2+4) f(x2+2)}
_1i ( ) ( + 2) 2 _11
=1 721 = a2 T2 2 N
iU wes (xz+ +2) +gtan” @) = o] (edp) X lan
o (3 (1+3) -
= { (f(+)2 z)dx+fmdx)+ tan 2} (30)
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