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Abstract - In this study, we describe aspects of Topological Data Analysis using techniques like Persistent
Homology and Simplicial Complex. We then explore Big Data Sets of COVID-19 with extremely large and highly
complex properties. We, after that, discuss the characterization and significance of the Hausdorff Spaces an Al in
this work. Next, we describe simulations within the Python programming language with applications in TDA.
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1. Introduction

The notion of TDA is founded under the ubiquitous theory of persistent homology (see [6, 9, 13, 22-37, 40]
and the references therein). Some of the pioneer contributors to TDA include [1, 3, 5], who founded the notion of
how features persist as the data is modified. Nevertheless, the genesis of the term TDA expression appears not to
have surfaced till contributions by [2, 4]. Thereafter, the authors in [7] became instrumental in the popularization
of TDA, establishing the ways topological techniques willremedy challenges encountered while implementing
topology to analyze Big Data. In [14], the work put up other developments by observing that Persistent
homology is currently one of the more widely known tools from computational topology and Topological Data
Analysis. Topology and geometry are tools used to investigate highly composite data [19] by creating a
compendium of the data features to uncoverhidden attributes within the dataset. Normally, the dataset of interest
is often centered around structures that appear challenging to reveal with traditional methods [8]. The major
TDA approach for removing “topological noise” maps the original data to a lower dimensional
approximation acquired through a multidimensional assortment. Therefore, Open sets provide an essential
approach to understanding the nearness of points without a distance element defined in a topological space [10].
Other inherent mathematical concepts to understand besides topology include continuity, connectedness, and
closeness, which embrace nearness. The problem is that no single story is happening in this data. We can
therefore say this data has much “noise”! The explosive growth in data [11], voice and video traffic, and
ubiquity of social-media content, health records, and many more data sources have been contributing factors to
Big Data. It was anticipated that the generated data volume could be 44 zettabytes in 2020, as found in [12]. The
vast data volume, with its complexity, has propelled technological advancements [14] realized as well as
accelerated increase in bandwidth capacity, processing power, storage capability and transfer velocity [16].
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This is partially due to the technological advancement in high-power computing. There is, therefore, an
urgent need to establish robust and resilient techniques to process Big Data. BD consists of 5 Vs: Value, Variety,
Volume, Veracity and Velocity [15]. The data size to be processed and analyzed constitutes the volume. The
speed of growth and usage of this data is the velocity. The varied data formats cum types are the variety.

Veracity involves accuracy plus analysis of the results of the datasets. The richness obtained after
processing the dataset is the value. The growing volumes of Voice over IP (VolIP) social-media content
[18] underscores the requirement for ways of countering the ambiguity innate in the finite datasets.
Presently, roughly eighty percent of datasetsremain indeterminate. TDA has latelyrecorded advances in
innumerable directions and application disciplines. The fundamental aim of TDA is to extract
multidimensional rich datafeatures based on geometry and topology pre-existing in distributed data-points,
as shown in [17, 21, 28]. Connections within the data and topological methods have a close affiliation to neural
networks between data pointswhich reveal insight into this united structure.

According to [20], mostcommonly, every other form of TDA [23-24] revolves around the steps given by:
Firstly, the data sample is presumed as datapoints which are finite quantified as a metric space R? [39].
Worth to mention is that the metric choice may be vital to guarantee remarkable topological and geometric
featuresof the data set [31]. Secondly, a mathematical structure is computed on top of the dataset to tap more
from the fundamental concepts of geometry and topology. This is mostly cases in SC or a convention of SCs
that depicts the high dimensional data structures at varied degrees [36]. Thirdly, from these high dimensional
data structures built on atop the data set, topological or geometric information is derived [29]. The shape
of the data from which we extract the topological/geometrical high-dimensional features can either be crude
structural summaries or relevant approximations that need further approaches like persistent homology and
visualization [26]. The extracted topological and geometric information givesrise to insightful features and
descriptors in the data, which, when injected into further analysis and machine learning procedures, reveal
very rich results and significant meaning that can be used in other disciplineslike medicine [23], biology [27]
and astrophysics [29], just to mention a few [25].

2. Materials and Methods

In this section, we present the techniques, materials, and tools that we used to achieve the objectives of
this work. These include; Big Data Sets, Separation criterion of Hausdorff Spaces, AI and ML techniques,
and the development of algorithms and simulations using Python programming language [38]. Big Data is
described as hugely large, highly composite datasets to be analyzed by traditional techniques but might
reveal structure, patterns, relationships, and shapes when computational analysis methods are involved.

3. Results and Discussion
3.1. TDA and Big Data Sets

The principle idea behind TDA involves applying techniques to recognise shapes and patterns within
data. The finite TDPs within a Euclidean space become the driving force for Big Data to be consideredin
TDA. TDA perceives the point cloud data as a discrete cluster of points within a compact topological space
infinitely composed of many points. When neighboring data points are “connected” to reveal geometry atop
the dataset, this reveals rich topological features. The idea of distance closeness among TDPs is the backbone
that TDA exploits to qualify data sets as metric spaces. The driving force behind Topological Data Analysis
has to construct higher-dimensional structures by linking pairs of TDPs by edges and by (k + 1) — tuple of
surrounding TDPs. This drives us to a concept called simplicial complexes, which makes it easy to recognize
emerging topological characteristics, including points, lines, holes, cycles, and voids.
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Fig. 1 Encoding point cloud persistent topological features (left) by approximation of the space by simplicial complexes (middle)
into a persistence diagram (right) [20]

. Persistence
Diagram

Figure 1 shows point cloud persistent topological features (left) by approximation of the space by
simplicial complexes (middle) into a persistence diagram which shows clustering when the distance
between the points is reduced.

3.2. Persistent Homology

Given that u = v, then non-empty sets A« & Ao such that u and v are distinct points in the set A.
Moving from u to v, the components of the non-empty set A« may merge as new ones are born, which
have higher chances of merging with each other or with the existent components of A.. Consequently, these
components may change their topology with holes and other structures forming and disappearing. This is a
perfect demonstration of persistent homology. The "persistence’ ideology is a result of the changing of the level
u with no change in the homology untila critical point f of level u is reached, which means that the topology
of the excursion sets ‘persists’ (remains static), between the varying heightsof critical points. This concept of
Persistent Homology (PH) persists further; every time two components merge, we treat the firstof these to
have appeared as though its existence continues beyond the point of merging. Moving forward, a more
promising illustration of persistent homology is through barcodes. Suppose dim(M) = N, and given a
smooth of f, if Au is nonempty, then dim(A«) seamlessly becomes N. The barcode for the excursion set f
becomes the collection of N + 1 graphs, with each homology group having one. A bar in the k — th graph,
beginning at u1 and terminating at uz2(u1 = u2), reveals Hx(Ax) that emerged at u1 and vanished at ue.

T 3

X7 Xn

Fig. 2 The point cloud instance X» derived from the torus surface (R3 in the top left), which leads to varying radii r1 <72 <73
[15]
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Figure 2 displays a more impressive illustration with a three-dimensional view. It is imperative to indicate
that, unlike a Two- Dimensional (2D) space, our comprehension is served with immense visual information
from the barcodes since the increase in the N-dimension parameter space projects more clarity. As a result,
therefore, it becomes uncomplicated to observe barcodes with six sets of bars for the six persistent homologies
[28].

Big Data sets can be described as hugely large, highly composite datasetsto be analyzed by traditional
techniques, but might reveal structure, patterns, relationships, and shapes when computational analysis
methods are involved [22]. BD is found almost everywhere, with many connections and meaning hidden
within this complex data. Precisely, five “Vs” (Value, Veracity, Volume, Velocity and Variety) are used to
sum up the description of BD. Given the traditional software tools, every attempt to store, extract, search,
share, analyze or process this massive and complex dataset has achieved little success. Despite this failure,
different levels of society, including businesses, education, health, transport, research and many more,
continue to persistently and desperately sort insights from Big Data analysis to enhance their efficiency and
performance. The human abilityto visualize Big Data sets is not keeping pace with its exploding natureof
production. Therefore, it is urgent to develop advanced and proficient analysis methods to manage this kind
of data. One such method is the application of geometrical and topological tools. Geometry involves the
study of distance functions, which works very well with large finite data sets. The mathematical concepts
formulated by mathematicians that unite topological and geometric techniques often revolve around point
clouds, basically finite point sets equipped with a distance function. An important objective inBD analysis
is to understand how the data is organized on a large scale hence retrieving qualitative information about
the data. For instance, given a data set of diabetic patients, insightfully distinguishing the two distinct
forms of the disease is firstly important. Given a very large data set X, it may prove challenging to apply a
clustering algorithm on top of the data set.

One may otherwise opt to cluster subsamples from X. The confronting question is always whether
sampling a cluster is enough proof of representation of the whole data set. An alternate approach is to
construct two clusters from the whole dataset, assuming confidence in their consistency. Hence, taking the
subsamples Xi and Xz, including their union X1 U Xz. A clustering scheme is then applied to each of the sets
separately by denoting the three sets Xi, Xz, X1 U X2 by sets of clusters C(X1), C(Xz), and C(X1 U Xz),
respectively. Suppose the clustering scheme on the data sets induced maps of the collection of clusters.
Suppose these clusters in C(X1) and C(X2) in C(X1 U X2) consistently correspond under the maps. In
that case, it is enough to deduce that subsample clustering corresponds to the clustering on the entire data
set X. Elsewhere,given a varying Big Data set X, clusters can appear, disappear, merge or even split into
distinct clusters.

Functoriality can be instrumental in studying this analysis behaviour. For all to < ti, we represent
TDS withinclusters to and t1 as X[to, t1]. For all v <t <t2 <ts, the point cloud data set results in diagram
2.3.2. If functoriality is applied in the clustering scheme, a correspondent diagram 2.3.3 of the data set is
obtained. As revealed in the illustration, this set will contain an over-time clustering behaviour. Illustration 2.3.4
corresponds to a unit cluster at an initial time fo, which breaks into two collections within the interval [ti,
t2]that finally merge back to the interval [tz t3]. Despite the development of fresh BD analysis techniques for
complex BDS, shape identification andinterpretation have increasingly proven more challenging to visualize.
Because of the existence of more structure to be mined from this BDS thanthe traditional ones can output, a
remarkable new method of “shape” identification of these BDS is TDA. Several methods exist to construct
shapes from point cloud data. One of these methods is described herein: We encircle every TDP within a
“ball” whose radius is ¢ centered within the TDP. While ¢ size increases, the cluster no longer looks like
isolated points but gradually gains shape.As it gets larger, an irregular unit component emerges. This
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techniqueis therefore used to generate a SC, which begins with vertices as TDPs. Wherever an intersection
occurs between any two balls, an edge is inserted in the middle, while three edges bounded face is added as an
intersection among any 3 balls occurs. As this process continues, a high-dimensional face with n+1

intersections is created. This is referred to asa Cech complex.

3.3. The Algorithm and Simulations of COVID-19 Cases

High-dimensional gets transformed into lower-dimensional graphical forms when passed through the
Mapper algorithm's four stages. The 1st and 2nd proportions of the three-dimensional data computed the graph
shape shown in Figure 2. During the last stage, adjacent bins with common data points (i.e. with nonempty
intersections) get connected together intoa simple skeleton summary of the original dataset. Compared to
the standard dimensionality reduction techniques, the Mapper algorithm yields better results as it leverages
the techniques from both clustering and dimensionality reduction of the initial highly featured space. As a
demerit, standard DR techniques (DR) extrapolate TDPs to a minimal reduction state, from whence
examination is done. Therefore, as a consequence, in as much as an accurate prediction is a motivation, this
method always results in the loss of some information from the dataset due to interpretability.
Comparatively, Mapper takes advantage of the lens from the lower dimension to optimize the data in the
initial highly dimensional space. The datasets used in this study are downloaded from Kaggle.com, an open-
source community of data scientists, ML, and a huge published Repository of BD sets. In our coding, the world
is represented by a Hausdorff space X and subspaces of H represent regions or countries unless otherwise
stated. These subspaces represent Big Data sets. We specifically focus on a collection of time series COVID-
19 datasets of cases reported from all countries of all the six world continents (Africa, Europe, Asia, North
America, South America and Oceania) starting February 24, 2020, until June 28", 2021. The dataset
contained 98,904 rows and 60 columns. Thehuge volume of this dataset qualifies it as a candidate for a Bid
Data set. The next section describes the connectedness of our data set.

Given Hi, H2 € H, such that HinHz = @, then collections generated byH: and Hz might be equated to
non-empty intersections, and these Hausdorff properties come in handy in building a SC. As a result, this
result leads to a multiresolution” map of the TDS. The connectedness of points ina topological space means
the nonexistence of separation between the points in the topological space. Let X be our COVID-19 data set
throughout this study. We apply a non-linear fit on X by reducing the dimensionality while our data set's
geometric structure, shape and connectivity remain preserved.

—— Deaths
Recovered
—— Confirmed

Fig. 3 Line plot visualization of dataset H revealing the total confirmed Covid-19 infection cases globally
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After Exploratory Data Analysis (EDA) and dimensionality reduction on our COVID-19 data set,
denoted by H, we produce a few line graph visualizations to reveal the relationship between the total
confirmed initially,recovered and deaths cases across the six world continents. A visualization of the total
confirmed COVID-19 cases in the world is revealed ata glance through the line graph in Figure 3.

Figure 4 gives a line graph visualization of the total recovered cases in the world. A visualization of both
the totalconfirmed, recovered and death cases of COVID-19 in the world is also depicted here. In addition,
after performing Exploratory Data Analysis and dimensionality reduction on our COVID-19 data set
denoted by H, we compute surface plot visualizations to reveal the topological structure and graphical
properties from our data set H. We use Python libraries to produce surface plot visualizations that reveal the
structured shape betweenthe total confirmed, total recovered and total deaths cases across the six world
continents. Each TDP is enclosed around a ball at the center at a point with a radius €. While ¢ increases in
size, the cloud gradually ceases to appear as secluded points but slowly gains shape. As the output increases
in size, a single shapeless blob emerges. This event eventually generates a SC, which starts with vertices as
TDPs. An edge is inserted betweenthe two balls as they intersect. Meanwhile, a face bounded by the three
edges is added as 3 balls intersect.

— Deaths
— Recovered
— Confirmed

140 160 180

Fig. 4 Line plot visualization of dataset H revealing the total recovered cases globally

4. Conclusion

In summary, we have described aspects of Topological Data Analysis using techniques like Persistent Homology
and Simplicial Complex. We then explored Big Data sets of COVID-19 with extremely large and highly complex
properties. After that, we discussed the characterization and significance of the Hausdorff Spaces an AI in this work.
Lastly, we have described simulations within the Python programming language with applications in TDA.
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