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Abstract - The researchers created an Equally Spaced New Numerical Method (NNM), which functions as a highly
effective tool for solving Volterra integro-differential equations of the second kind that scientists use to model physical,
engineering, and biological systems with memory effects. The new method derives from using a linear block algorithm,
which implements the third derivative together with a linear multistep framework to construct a hybrid block scheme
that operates on equally spaced nodes. The formulation delivers two numerical schemes that operate continuously and
discretely, and their coefficients are derivable through analytical methods. The method undergoes a comprehensive
theoretical examination, which establishes its fundamental characteristics, including order and error constant, together
with consistency, zero-stability, and convergence and region of absolute stability. The method evaluation uses
numerical tests on standard problems, which demonstrate that the NNM produces results that match analytical
solutions while achieving lower error rates than existing numerical methods, which use trapezoidal-type and block
methods. The NNM functions as a dependable and competitive numerical method for Volterra integro-differential
equations of the second kind, according to the results, which support its accuracy and stability and robustness
demonstrated through tabulated data and graphical representations.

Keywords - Equally Spaced Numerical Method, Volterra Integro-Differential Equations, Linear Block Algorithm,
Numerical Stability, Convergence Analysis.

1. Introduction

Scientists and engineers use mathematical models to create differential and integral equations that represent
physical and natural processes. The system behaviors of different phenomena are modeled through differential
equations, which include stiff, oscillatory and fractional types, while integral equations describe system behavior
based on its past states. The integral equations are divided into two categories, Fredholm and Volterra, based on
their integration limit characteristics, which are essential to the study of fluid dynamics, heat transfer, and
electromagnetic fields [1]. The development of multiple analytical and numerical solution methods, which include

the Adomian Decomposition Method and collocation techniques, emerged as a result of integral equations that
require both accurate and effective solutions [1, 2]. Volterra Integro-Differential Equations (VIDEs) represent
mathematical models that demonstrate systems that determine their future states by using current change rates
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and total past system behavior. The structure of VIDEs unites differential and integral equations because they
require unknown functions to exist both in derivatives and in integral signs, making them suitable for modeling
processes that depend on past memory. Their applications include population dynamics, viscoelasticity, and heat
conduction. The equations of this system treat previous elements as determining factors that shape the system's
development, while they function as alternative differential equations because they include integral components.
The following is a standard representation of an equation in such a form:

pl&)=9()+ o K&, )ple)dr M

Where ? is a constant parameter, K (¢, 7) is called the kernel of the integral equation, ¥(£) is a function, and
w(§) and @w(§) are the limits of integration, which can be constants, variables, or a combination of both [1]. This
work focuses on a class of integro-differential equations of Volterra type, which are characterized by their
hereditary structure and are expressed in the form presented in the referenced equation (2) as:

P& =9 + ¢ [T K(E, Dp() de @)

Classical techniques for solving Volterra Integro-Differential Equations (VIDEs) include series expansions,
successive approximations like Picard iteration, and the Laplace transform. The basic techniques have served as the
primary method for scientists to analyze linear VIDEs, which exist in solution spaces described in [1, 5]. The method
faces major challenges because it requires substantial computational power and struggles to achieve advanced
accuracy, and the series results do not accurately represent the actual physical processes that scientists aim to study
[1, 6, 7]. The Adomian Decomposition Method (ADM), Homotopy Analysis Method (HAM), and Variational
Iteration Method (VIM) developed better semi-analytical techniques that function as dependable instruments for
solving nonlinear VIDEs because these methods provide researchers with increased solution options and better
accuracy. The field has adopted three different approaches, which include perturbation methods and Green's
function and resolvent kernel techniques to address particular problem types. The development of precise yet
powerful numerical and hybrid methods has increased in importance because existing advanced techniques
struggle to solve complex systems that exhibit stiffness characteristics [11, 12]. Researchers have historically used
classical techniques, which include series solutions, successive approximations, and Laplace transforms to solve
VIDs [1]. The core problem of these methods remains because they require extensive computations and advanced
mathematical techniques to produce results that do not match real-world conditions. The development of semi-
analytical methods has advanced through the introduction of the Adaptive Domain Method [4, 8], the Homotopy
Analysis Method [13, 14], the Homotopy Perturbation Method [15], and the Variation Iteration Method [16].
Nonlinear systems are the primary beneficiaries of these methods as they provide more reliable and flexible
solutions. Yet, the problem with series convergence still remains, as certain problems converge very quickly, while
others have to go through many more terms, thereby increasing the effort needed from humans and the load on
computers [17].

Definition 1: The general form of a linear multistep method is given as:

Y0 @ Ynej = W XS0 Bj frrj 3)
where

fo+j = f(xn+jIYn+j""'erzi;]'1)

Ynij = Y(xn+j)j = 0Dk
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d is the order of the differential equation, a; and f; are real constants where both ajand f, are not zero,
equation (1.3) can be represented by:

p(r) = Z?:o A Vn+j and p(r) = h¢ Z?:o ﬁj fn+j
p(r) and o(r) are known as the first and second characteristic polynomials, respectively.

Equation (2) is said to be implicit if §; # 0 that is, the approximate solution at x,,,x, which is y, , reflected on
both sides of (2). On the other hand, (1.2) is explicit if; = 0, that is, the approximate value of y,,; can directly be
determined in terms of y,.;, fu+),j = 0(1)k — 1 the implicit method, which requires the determination of initial

’ d-1 : d-1
values for Y, 1, ¥ ‘niio = Yreic in terms Of f (Xnieo Yakor = Viirk)-

2. Derivation of New Numerical Method (NNM)

The New Numerical Method (NNM) was a product of the application of the third derivative linear block
algorithm for the numerical resolution of the Volterra integro-differential equation of the second kind. To arrive
at the NNM, we treated proposition 2.1 as a Linear Block Algorithm (LBA) using the techniques of [18]. We
consider the general linear multistep method of the type:

Z}:o Ajpnyj = h* Z}:o BiOn+j 4)

2.1. Proposition 1
Think about the universal linear multistep method (4) along with the single step block hybrid method, where
a numerical scheme exists with the linear block algorithm having the shape of:

CIOUNG) 1 2 1 2 4 5 6
Prn ZZ?=OTPn] +Xjco(AmOnsj) M==2, =2, 0,2, 5, -, 2,2, -, 1 )

7
together with its higher derivatives
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is considered, with 4,; = ¥~'Z and X, ;, = ¥ "'E where
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Proof: Solving equations (5) and (6) one by one to yield the continuous schemes in the form of a polynomial as:

p(fn + 77h) SAP T AL TP gt

77

7

7

7

7

h{ﬂ 9 B9 B+ B B8+ B8 s+ B+ PS5+ eI +ﬁ1'9n+1]
T Ty IMoEM e vy M gy %)
Where 1 = ¢, + h in the equation (7) and,
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Expanding the generalized algorithm (5) to give an NNM as:
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Also, expand the higher derivative of the generalized (9)
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The unknown coefficient of /4 in (9) can be seen in the appendix after simplifying 4,; = ¥~'Z.

Similarly, the unknown coefficients of the higher derivatives Xin (10) and (11) are given in the appendix after
simplification X, ;, = ¥ 'E.

3. Analysis of Basic Properties of New Numerical Method (NNM)
The basic properties of the NNM were analyzed, and the subsequent analysis led to the conclusion that these
properties are order and error constant, consistency, zero-stability, convergent, and region of absolute stability.

3.1. Order and Error Constant
Corollary 3.1 and Corollary 3.2 are used to obtain the order and error constant of NNM.

Corollary 1 [19]
The linear operator L[p(§,); h] associated with the local truncation error of the NNM defined in (9) to (11) is
given as:

Cioh'p™(§) + 0(h'3), Cioh'p™(,) +0('2), Cyoh'p™(&,) + O(™).

Proof
Consider the linear difference operators associated with (9) to (11) are given by:
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+X211'9 2 +X212"9n +X213“9 1 +X214‘9 2 +X215‘9 3 +X216‘9 4 +X217"9 5 +>(21B"9 6 +X219“9
n-3 s n+= s = = i

1
7

n+1

)

LM(@)]:'l[pwf{xm%i+xm%£+xm&+Xm%é+xm%£+Xm%ﬁ+xmﬂé+xw%£+Xm%£+xm%A]
7 7 7 7 7 7 7 7

LM(Q)]:'L!p%—{Xm%i+Xw%£+Xm&+Xmﬁé+Xm%£+Xm%£+Xm%J+Xm%£+Xm%£+Xm&J
7 7 7 7 7 7 7 7

Llp (&) ]:'L{p%—{Xm%i+Xmﬂj+Xm&+Xm%¢+XW%£+Xm%£+XM%J+XW%£+XM%£+XM&€
7 7 7 7 7 7 7 7

Llp" g)]:'Lyp%—{Xm%i+Xm%£+Xm&+XM%J+XM%£+Xm%£+XM%A+XW%£+Xm%é+Xm&J
7 7 7 7 7 7 7 7

Llp" ;)]:'Lyﬁm—{Xm%i+Xmﬂj+Xm&+Xm%¢+XW%J+XM%£+XM%A+XW%£+Xma£+Xmﬂﬂj
7 7 7 7 7 7 7 7

L[p" é)]:'L;p%—{Xm%i+Xm%£+Xm&+Xm%¢+XM%J+XM%£+XM%£+XM%2+XM%3+XMQH]
7 7 7 7 7 7 7 7

)

L[p én) ]= “VHE _p”n_h(XZBO“gnil + X281'9n72 + X282'9n + X283'9"+1 + X284‘9n+2 + X285‘9n+§ + XZBG'ngﬁ + X287'9n+§ + X288l9n+§ + XZSQS
7 7 7 7 7 7 7 7

L[p“(én )’ h]: p“rwl_p”n_h[XZQO"g 1 +X291‘9 2 + XZQZ"gﬂ + X293’9 1 +X294'9 2 + X295’9 3 +X296'9 4 -'—)(297"9 5 +X298‘9 6 +X299’9n+1J
(14)

Corollary 2 [19]

The local truncation error of (9) to (11) is assumed p(£) to be sufficiently differentiable, and expanding
equations (12) to (14) &, using a Taylor series to obtain

L 1[p(§n) h] = (—1.3423 x 10715), L z[p(fn) h] = (—4.9363 x 10715), Ll[p(sn) h] = (—6.2566 x 10716),

Lz[p(fn) h] = (—4.1514 x 10715, L3[p(€n) h] = (—9.9180 x 10~19), L4[p(€n) h] = (—1.8499 x 10~14),
Ls[p(&,); h] = (—2.9236 x 10714), Lg[p(fn) h] = (—4.3060 x 10~14), Ll[p(fn) h] = (—5.9688 x 10714),

7

~N|

N

L 1[p (£);h] = (34723 x 10714), L z[p (£);h] = (=7.9947 x 1071%), Ll[p (£); h] = (—=1.3948 x 1079,
Lz[p (£); h] = (—3.2647 x 1071%), L3[p (£); h] = (—=5.0341 x 10714), L4[p (£); h] = (—6.7031 x 10714),
Ls[p’(&,); h] = (—8.8471 x 1071%), Lg[p (£); h] = (=8.9137 x 10714), Ll[p (£); h] = (=2.3919 x 10713),

~N|

~N

L 1[p”'(&,); h] = (=5.5970 x 10713), L z[p”(fn)- h] = (2.8721 x 10712), Ll[p”(fn)- h] = (—1.8069 x 10713),
Lz[p’"(&,); h] = (—8.4802 x 1071%), L3[p”(En) h] = (—1.6292 x 10713), L4[p”(§n) h] = (—6.7031 x 10™14),
Ls[p”'(§,); h] = (=2.4772 x 10713), Le[p"(En) h] = (3.1198 x 10713), Ll[p"(fn) h] = (—3.1199 x 10712)

Proof
Simplify equations (9) to (11) with Corollary 2 and collect the like terms to obtain:

L . [p(&, )] = (-1.3423 x10* )c )h1°p (&, ) + O(h”), L : [p(&,)h]= (- 4.9363 x10 2% ), ,h*°p'(&, ) + 0(h™2),

Jh]= (- 6.2566 x10°)C,,h" p*°(&, )+ 0(h*) L, h]= (- 4.1514 x 10 )c )™ (&, )+ 0(h™?)
)ih]=(~9.9180 x10%*)c,.h*p*(&, )+ 0(h** ) L [p (&) h]:( 1.8499 x107)C, ' p*(. +0(h13)
Jih]= (- 2.9236 x 10 ), h** p*°(¢, )+ 0(h*2), L [p ):h]= (- 4.3060 x 10 )c, o' p*(&, )+ 0(n™*),

Li[p(fn )h]= (— 5.9688 x10* kmhlo 0 )+ O(hls)’
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7.9947 x107 ), p*°(&, )+ 0(n'? )

L 1[p'(§n):h]=(3-4723 x107J,ohp™(&, )+ 0(n?) L ,[o'(¢, kh]=
+0(h12)

[0 -
L [p £,)n]=(-1.3948 x10- Jc 0 (&, )+ 0lh'2) L, [p'(£, kh] = (- &)
(&,)h] )+0(h'2), 7[,0 h]=(-6.7031x10)C,.h™ p'°(&, )+ 0(h™2
[p'(&, ;] =(-8.8471x10 1 )C, (&, )+ 0(n'? ), Ly [p'(&, kih] = (- &)
I_l[p(gn)h] (~2.3919 x10*)c ) p*°(&, )+ 0(h*2),
Lfl[p"(rfn); h]= (- 5.5970 x107%2),,h° (&, )+ 0(n™), Lig[p"(fn);h]:(2.8721x10’12 (&, )+ o(n't),
L [p (& ;h]=(~1.8069 x10%%) ,h'°p*°(&, )+0(h'), L [p (& xh]=(-8.4802 x10*) ;h*°p™°(&, )+ 0(h™),
L [p (&, h]=(~1.6292 x10°) ;h*°p(&, )+0(h™), L [p (&, h]=(~6.7031 x10 ) h°p*°(&, )+ 0(h't),
L [p (& )y h]=(-2.4772 x10) h*°p*°(&, )+ 0(h), L [p (& )1 h]=(3.1298 x 10} ;h*°p®°(&, )+ 0(h™),

Ll[p (£, ) h] = (-3.1199 x10%?) h*°p™°(&, )+ 0(h*)

3.2647 x 10 )C o' 9% &,

-

IS

ﬂ

]=(-5.0841x10)C,,h™ (£, ) \
n),h =1-8.9137 x10 14);; hlo 10 3 +0(h12)

6
7

3.2. Consistency
Definition 2: First and Second Characteristic Polynomials
Given the NNV, the first and second characteristic polynomials are defined as,

p(2) = ¥j-o ;7
and

0(2) = Xj=o 87’
where z is the principal root, a; # 0 and af + B5 # 0 [19].

The new numerical scheme is said to be consistent if it satisfies the following conditions;

1. the orderp > 1,

iii. p'(1) =0(1)

The NNM is consistent since it is of uniform order ten (According to definition 2).

3.3. Zero Stability

(15)

(16)

Definition 3: A new NNM is said to be zero-stable if the roots Z* S=12:-:N of the first characteristic

polynomial p(z), defined by

p(z) = det[zA(O) - E]
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satisfies 2 <1 and every root [2]=1 has multiplicity not exceeding the order of the differential equation as
h—0_ Moreover, as h—0 ,p(z) = z7#(z — 1), where # is the order of the differential equation, I is the order

. © : e .
of the matrices A~ @4 E The main consequence of zero-stability is to control the propagation of the error as the
integration proceeds [19].

By definition 3, a NNM is said to be Zero-stable for any well-behaved problem, that is

32091-1393u+18230u?+51194u3-21346u*+87627u5-89621u®-7112u’ +1067u’

p(u) = 21109-34812u+98217u2-91276u3-124576u*+9021u5+1061u6—-990u” +701u8+89u° (18)
Thus, solving for Zin
1 00000 0O [00O0OOOOGO0T1|l [z000O0TO0O0 -1
01000O0O0C0O0 0 000O0O0OO01 0z 0O0OO0OOO -1
00100O0O0C0O0 0 00O0O0OO0OO0T1 00z 0O0OO0O -1
0001O0O0O00O0 0 000O0O0OO0T1 000z O0O0O0O -1 .
plz)=z - = =2'(z-1)
0 00O01O0O0TO 0 00OO0OOGO1 0000z 0O0 -1
000O0OOT1O00 0 000O0O0OO01 00000z 0 -1
000O0OOOTZ1I0 0 00O0OO0OO01 0 000O0O0O 1z -1
0 000O00O011 (00000001 0000000 z-1|
7 _

Solving for (19) gives z; = z, = z3 = z, = z5 = z4 = z; = 0 and zg = 1. Hence, the NNM is zero-stable.

3.4. Convergence
The NNM is convergent, since it is consistent and zero-stable by a theorem that states “the necessary and
sufficient conditions for NNM to be convergent are that it must be consistent and zero-stable [19].

3.5. Region of Absolute Stability (RAS)
In the quest for the new LBA's absolute stability regions, a technique was utilized that neither necessitated the
finding of polynomial roots nor the solving of multiple inequalities [19]. This process is referred to as the Boundary

Locus Method (BLM). The BLM was implemented on NNM for the purpose of generating the stability polynomial
of the kind.

h() = (1.28681378 7395547140 30 x10°7° +1.64274957 1204878248 10 x10'w* )h°
+(3.12484218 4569379614 70 x10°*° 7° +1.09584307 6645631702 50 x10*°w’ )h®
(—2.93861891 7813720837 10x10%7° —6.12109442 6077876277 50 x10°°7° }h
+(-3.57085354 5916647297 30 x 10" z° —0.00000223 6010425800 237° )n°
+(0.00001615 6837402580 06° +0.00000343 1660270194 0L7° )h® +

(0.00067180 0491387127 787° —0.00006213 3276297174 217°)h*

+(~0.00330853 2236692052 917° +0.00568518 0633665233 187° h* +

(0.05497730 7491638000 637° —0.01918674 6897582138 497° I’

+(-0.35714285 7142857142 867° - 0.35714285 7142857142 867° h—7° + 7°

(20)

The RAS of NNM was obtained by using the stability polynomial (20) on MATLAB R2024a as:
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Fig. 1 Regions of absolute stability

4. Numerical Application of New Numerical Schemes (NNM)

The NNM was applied to (VIDEs) of the second kind, where the results were numerically tabulated and
textually shown for comparison with existing methods in terms of error. The numerical application of the NNM in
this case was done by solving new numerical schemes for Volterra Integro-Differential Equations (VIDEs) of the
second kind. The following acronyms are used throughout the tables, figures, discussions of results, and other
sections of this work and were specifically used in the tables and figures for comparisons. PE denotes Points of
Evaluation, AS represents the Analytic Solution, CNR refers to the Computed Numerical Results obtained using
the new LBA, and ENM indicates the Error in the NNM. TM stands for the Trapezoidal Method as presented in
[17], while ETM denotes the Extended Trapezoidal Method implemented in [17], and NETM refers to the Numerical
Extended Trapezoidal Method of [22]. EABMS5 represents the error in the Fifth-Order Adams-Bashforth-Moulton
predictor—corrector method developed by [20], and E2P3B denotes the error in the Two-Point Three-Step Block
Method developed by [21]. Furthermore, CMM refers to the Continuous Multistep Method of [23], 4SBM represents
the Four-Step Block Method developed by [23], and 5SBM denotes the Five-Step Block Method developed by [23].

Example 1: Give it a thought regarding the Volterra integro-differential second kind equation, which reads:
p’ @ =1-[p@dr, p(0)=0, 0<E<1 (21)

with an analytic solution of the form

p(§) = sin(s) (22)

Source: [15, 20-22].

Example 2: Give it a thought regarding the Volterra integro-differential second kind equation, which reads:
P+ J3 (p(®)" dr + (5 = sinh(§) —sinh(26)) = 0, p(0) =0, p'(0) =1 (23)

with an analytic solution of the form

p(§) = sinh(§) (24)

Source: [23].
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Table 1. Comparison of numerical results for example 1 when h = 0.01

¢ Approximate Solution Numerical Solution ENM ETM EETM ENETM
0.01 | 0.00999983333416666468 | 0.00999983333416666468 | 0.0000e00 | 8.2978e-07 | 8.2916e-07 | 1.2051e-09
0.02 | 0.01999866669333307937 | 0.01999866669333307937 | 0.0000e00 | 1.6359e-06 | 1.6334e-06 | 1.0290e-08
0.03 | 0.02999550020249566077 | 0.02999550020249566077 | 0.0000e00 | 2.3938e-06 | 2.3883e-06 | 3.5392e-08
0.04 | 0.03998933418663415945 | 0.03998933418663415945 | 0.0000e00 | 3.0799e-06 | 3.0702e-06 | 8.4328e-08
0.05 | 0.04997916927067832880 | 0.04997916927067832880 | 0.0000e00 | 3.6715e-06 | 3.6565e-06 | 1.6443e-07
0.06 | 0.05996400647944459920 | 0.05996400647944459920 | 0.0000e00 | 4.1478e-06 | 4.1266e-06 | 2.8242e-07
0.07 | 0.06994284733753276398 | 0.06994284733753276398 | 0.0000e00 | 4.4897e-06 | 4.4615e-06 | 4.4421e-07
0.08 | 0.07991469396917268731 | 0.07991469396917268731 | 0.0000e00 | 4.6805e-06 | 4.6447e-06 | 6.5484e-07
0.09 | 0.08987854919801104969 | 0.08987854919801104969 | 0.0000e00 | 4.7061e-06 | 4.6620e-06 | 9.1831e-07
0.10 | 0.09983341664682815231 | 0.09983341664682815231 | 0.0000e00 | 4.5551e-06 | 4.5025e-06 | 1.2375e-06
Table 2. Comparison of numerical results for example 1 when h = 0.1
& Approximate Solution Numerical Solution ENM ETM EETM ENETM
0.100 | 0.09983341664682815231 | 0.09983341664682815231 | 0.0000e00 | 8.4317e-05 | 8.2792e-05 | 1.2502e-07
0.200 | 0.19866933079506121546 | 0.19866933079506121546 | 0.0000e00 | 1.6558e-04 | 1.6310e-04 | 7.301e5-07
0.300 | 0.29552020666133957511 | 0.29552020666133957512 | 1.0000e-20 | 2.4402e-04 | 2.3848e-04 | 2.5669e-06
0.400 | 0.38941834230865049167 | 0.38941834230865049225 | 5.8000e-19 | 3.1661e-04 | 3.0657e-04 | 6.4301e-06
0.500 | 0.47942553860420300027 | 0.47942553860420301081 | 1.0540e-17 | 3.8012e-04 | 3.6514e-04 | 1.3074e-05
0.600 | 0.56464247339503535720 | 0.56464247339503546869 | 1.1149e-16 | 4.3328e-04 | 4.1210e-04 | 2.3195e-05
0.700 | 0.64421768723769105367 | 0.64421768723769186988 | 8.1621e-16 | 4.7376e-04 | 4.4558e-04 | 3.7422e-05
0.800 | 0.71735609089952276163 | 0.71735609089952732283 | 4.5612e-15 | 4.9978e-04 | 4.6392e-04 | 5.6296e-05
0.900 | 0.78332690962748338846 | 0.78332690962750411715 | 2.0729e-14 | 5.0976e-04 | 4.6571e-04 | 8.0264e-05
1.000 | 0.84147098480789650665 | 0.84147098480797650132 | 7.9996e-14 | 5.0243e-04 | 4.4985e-04 | 1.0966e-04

10 —6—&
£ 5
A\
10»10
4] ENM
=
S ETM
5 —O— EET™M
L —A— ENETM
10»15
10'20 P P n P P n P Van A ¢
0.11 0.1 0.09 008 007 006 005 004 003 002 0.01

Step Size (h)

Fig. 2 Comparison of numerical results for example 1 when h = 0.01
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Table 3. Comparison of numerical results for example 2

& Approximate Solution Numerical Solution ENM ECMM E4SBM E5SBM
0.16 | 0.16068354101279944828 | 0.16068354101279944820 | 8.0000e-20 | 4.5700e-08 | 4.5800e-08 | 4.5700e-08
0.32 | 0.32548936363113307984 | 0.32548936363113307989 | 5.0000e-20 | 3.7140e-07 | 3.7160e-07 | 3.7150e-07
0.48 | 0.49864550519337626463 | 0.49864550519337626442 | 2.1000e-19 | 1.2858e-06 | 1.2861e-06 | 1.285%e-06
0.64 | 0.68459422763095139805 | 0.88810598218762308193 | 1.1600e-18 | 3.1554e-06 | 3.1559%e-06 | 3.1555e-06
0.80 | 0.88810598218762300658 | 0.88810598218762308193 | 7.5350e-17 | 6.4379e-06 | 6.4386e-06 | 6.4381e-06
0.96 | 1.11440179372400284780 | 1.11440179372400229834 | 5.4950e-16 | 1.1717e-05 | 1.1718e-05 | 1.1718e-05

10°

Error Values
=
o

-15

10
ENM
ETM
—0— EETM
—&— ENETM
10‘20 r d r r 2 - C
1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
Step Size (h)
Fig. 3 Comparison of numerical results for example 1 when h = 0.1
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Fig. 4 Comparison of numerical results for example 2
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5. Discussion of Results

The New Numerical Method (NNM) originated through the combination of a linear block algorithm that solved
the third derivative together with the numerical methods used for second-kind Volterra integro-differential
equations described in Proposition 1 through its transformation into a Linear Block Algorithm, which followed the
techniques existing in [18]. A hybrid block framework consisting of higher derivatives was created from a standard
linear multistep method, leading to continuous polynomial schemes and their discrete expansions, which produced
the final NNM with unknown coefficients that the appendix presents in analytical form. The core properties of the
method show a complete examination, which demonstrates that NNM delivers excellent numerical performance
because it provides an order definition together with an error constant and maintains zero-stability while achieving
convergence and establishing an absolute stability region. The order and local truncation error were determined
through the use of the related linear difference operators and Taylor series expansions, verifying that the method
achieves a uniform order of ten. The characteristic polynomial conditions require fulfillment to establish
consistency, while zero-stability was checked with the roots of the first characteristic polynomial, thereby making
sure that error propagation was under control. The method achievements combine with zero-stability to establish
convergence because the Boundary Locus Method successfully determined the absolute stability region, and the
graphical representation proved that the method works for both stiff and well-behaved problems.

The data outcomes indicated in Tables 1 and 2 demonstrate the NNM solution for the second kind Volterra
integro-differential equations through its application to Example 1. The new scheme produced numerical results
that matched the analytical solution at every evaluation point, resulting in NNM errors that were either nonexistent
or extremely small. The Trapezoidal, Extended Trapezoidal, and Numerical Extended Trapezoidal methods
generate traditional results that show more errors that increase when users select larger step sizes or additional
evaluation points. The steady reduction of errors demonstrates that NNM provides better accuracy and reliability
than all other methods tested in this research.

The NNM proves its stable performance through both its small and large step size testing, which shows better
results than previous methods. The existing methods suffer a considerable increase in errors as the interval gets
larger, while the NNM maintains errors that are either completely zero or extremely small, even at the highest
points of evaluation. The method exhibits this property because it demonstrates strong convergence capabilities
and maintains numerical stability throughout its execution. The results show that NNM provides effective error
control, which makes it suitable for solving second-kind VIDEs across extended computational periods.

The findings of Example 2, which Table 3 presents, establish stronger proof for the earlier findings. The NNM
generates numerical solutions that show high accuracy with the analytic solution, while its associated errors remain
lower than the errors produced by the Continuous Multistep Method, Four-Step Block Method, and Five-Step Block
Method. The results are also depicted in Figures 1-4, which confirm very clearly that NNM solutions are practically
indistinguishable from analytic solutions, whereas the other methods can only show very slight differences. The
results presented in tables and graphs evaluated NNM as an accurate and consistent method that works efficiently
to solve second-kind Volterra integro-differential equations, making it a competitive solution against its rivals.

6. Summary and Conclusion

The study created a new Equally Spaced Numerical Method (NNM), which solves Volterra integro-differential
equations of the second kind through numerical methods. The hybrid block scheme was developed through the
combination of a third-derivative linear block algorithm and a linear multistep method, which operated on equally
spaced points. The derivation produced continuous polynomial approximations and their discrete counterparts,
which contained analytically determined coefficients. The NNM was thoroughly examined through theoretical
studies, which included tests for order and error constant, consistency, zero-stability, convergence, and the region
of absolute stability. The analysis confirmed that the method maintains a continuous order of ten while meeting all
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fundamental criteria required for effective numerical methods. The researchers assessed NNM performance
through Volterra integro-differential equations of the second kind, which they solved using multiple numerical
examples. The results presented in tables and graphs demonstrated that the NNM produces numerical solutions
that match analytic solutions with high accuracy because their evaluation points show either minimal or
nonexistent errors. The NNM showed superior accuracy and error management while maintaining numerical
stability throughout both short and extended computational periods when compared to traditional trapezoidal
methods, block methods, and other techniques.

The researchers developed a new Equally Spaced Numerical Method and conducted testing to solve Volterra
integro-differential equations of the second kind. The theoretical analysis proved the method to be consistent, zero-
stable, and convergent with a broad region of absolute stability, which is typical of methods that can handle both
regular and stiff mathematical problems. The numerical tests verified the claim that the new method is more
accurate and efficient than several existing methods, with significantly lower error values and almost absolute
agreement with analytic solutions. The NNM functions as a fast and accurate numerical solution method for
second-kind Volterra integro-differential equations, which also enables researchers to develop more advanced
methods for various integro-differential and functional equations.
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